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Strain rateAbstract Fatigue induced products generally bear fatigue loads accompanied by impact processes,
which reduces their reliable life rapidly. This paper introduces a reliability assessment model based
on a local stress–strain approach considering both low-cycle fatigue and high energy impact loads.
Two coupling relationships between fatigue and impact are given with effects of an impact process
on fatigue damage and effects of fatigue damage on impact performance. The analysis of the former
modiﬁes the fatigue parameters and the Manson–Cofﬁn equation for fatigue life based on material
theories. On the other hand, the latter proposes the coupling variables and the difference of fracture
toughness caused by accumulative fatigue damage. To form an overall reliability model including
both fatigue failure and impact failure, a competing risk model is developed. A case study of an
actuator cylinder is given to validate this method.
ª 2014 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Products which have fatigue failure mechanism suffer not only
complex fatigue loads, but also impact loads, which can be
called a fatigue damage process.1,2 Both the failure modes of
fatigue and impact associated to dynamic loads can cause
the initiation of cracks in products, which may propagate toa macroscopic fracture size eventually. However, the loading
rate of the impact load is much higher than that of the fatigue
loads, which may lead to some changes of material properties.
Hence, impact damage and fatigue damage have similarities as
well as distinctions.
Fatigue load may cause a certain amount of fatigue damage
in each cycle, and when the total damage cumulates to a cer-
tain threshold, the failure caused by fatigue (fatigue failure
for short) takes place. There are various kinds of fatigues, such
as mechanical fatigue,3 thermal–mechanical fatigue,4,5 corro-
sion fatigue,6 etc. Except for mechanical fatigue, the rest of
them are the combinative effects of environment and speciﬁc
mechanical stresses, which make them more complex than sole
mechanical fatigue. To simplify our assumption, this paper
focuses only on mechanical fatigue. As we know, fatigue
damage and life related researches generally based on different
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nominal stress method based on the stress and stress-life
(S-L) curve is the earliest and most widely used. However,
plastic deformation is not considered in the traditional nomi-
nal stress method, and it cannot be applied to the analysis of
low-cycle fatigue. To overcome the disadvantages of the tradi-
tional nominal stress method, a local stress strain approach is
developed. Furthermore, to analyze both high-cycle fatigue
and low-cycle fatigue, a number of methods have been devel-
oped by combining the Basquin model and Manson–Cofﬁn
model.7,8
The analysis of impact damage is more difﬁcult than that of
fatigue, because of the complex properties of materials corre-
sponding to dynamic stresses. There are two extreme conditions
for impact damage. If the energy of impact is large enough, it
may cause impact damage at once, such as one-impact fracture.
If the impact energy is very low, the accumulated impact failure
can be approximated to fatigue damage. The conditions
between the two extremes are much more complex, and when
fatigue damage exits at the same time, they may have a coupling
relationship which leads to a more difﬁcult issue.
Even though both fatigue and impact have been studied
copiously in previous literature, the research of their relation-
ship is rare. Refs.9–12 studied the fatigue performance with
post-impact damages, but most of them focused on composite
materials. Ding et al.9 performed the tensile and compressive
residual-strength tests on carbon-epoxy composites to obtain
the fatigue performance after drop-weight impact. The impact
damage followed by tensile fatigue cycling reduced the fatigue
performance of the material. The results showed that tensile
fatigue strength had a linear relationship with the cycle
number, and the cycle-impact sequence gave more damage
than impact-cycle loading. Beheshty et al.11 developed a fati-
gue life-prediction model for carbon-ﬁbred laminates with
impact damage. Tai et al.12 noted the impact energy caused
the decrease of strength, and the damage zone increased with
the increase in impact energy. However, due to the character-
istics of composite materials, they show more susceptibility to
impact load than metal materials do. Furthermore, the failure
modes of composites are different from those of metals. There-
fore, the analysis method of composites with fatigue and
impact cannot be applied to other materials directly.
Other researchers are interested in the studies on metal
materials inﬂuenced by foreign object damage.13–16 Martinez13
investigated the strength of engine blades due to foreign object
damage. The results in Thompson14 indicated that residual
stress relief improved the limit stress, and that dynamic
impacts had less inﬂuence on the fatigue strengths than that
predicted from conventional analysis. Nowell et al.15 showed
damage depth had a signiﬁcant effect on fatigue strength,
and the Kitagawa–Takahashi diagram was used to predict
the variation of fatigue strength with crack arrest in small
cracks. Most of these references gave only qualitative analysis.
Moreover, there is some research with respect to the quali-
tative relationship between fatigue and shock damage. The
coupling effects of fatigue damage and impact damage were
analyzed to deﬁne the damage as cumulative dissipated
energy.17 The analysis showed that fatigue damage and impact
damage were coupled, and impact damage greatly inﬂuenced
fatigue evolution. Zhao et al. performed a test to investigate
single impact effects with high strain rate on the low cycle
fatigue life of 1Cr18Ni9Ti.18 The result showed that the effectswere dependent on a coupling action of the residual welding
stress and the plastic impact mechanism.
The above references illustrate fatigue damage and impact
damage affect each other rather than being mutually indepen-
dent, which means the coupling relationship of fatigue and
impact cannot be ignored. Chen discussed the coupling rela-
tionship between high-cycle fatigue and low-energy shocks
and the effects of shocks on the fatigue damages were
expressed as the degradation of the ultimate stress of the mate-
rial.19 The traditional nominal stress method was used to ana-
lyze the fatigue process. An overall reliability and life
prediction model with fatigue failure and shock failure was
developed. However, he did not consider the plastic deforma-
tion caused by large local stress. Besides, when the load is lar-
ger than the yield limit of the material, it creates a plastic
deformation zone, and the premise of the traditional nominal
stress method is no longer satisﬁed. Hence, a local stress strain
approach is adopted here, because this paper focuses on the
low-cycle fatigue and high-energy impacts, and the local stress
strain approach is a classical, practical and effective fatigue
analysis method for low-cycle fatigue with a great number of
applications. A coupling damage and reliability model of
low-cycle fatigue and high energy impact based on the local
stress–strain approach is developed in a following paper.
2. Fatigue and impact analysis
2.1. Fatigue analysis based on local stress–strain approach
The fundamental idea of the local stress–strain approach is to
convert the nominal load or stress spectrum of a component to
the local stresses and strains of critical locations via elastic–
plastic analysis or other methods which combines with a cyclic
stress–strain curve or hysteretic loop. There are two speciﬁc
methods to complete this conversion: the modiﬁed Neuber
equation method20 and the plastic–elastic ﬁnite element analy-
sis method. The modiﬁed Neuber equation is presented here.
Step 1. Analyze the fatigue load history, and utilize the
rain-ﬂow method to count the effective cycles.
Let ei be the ith peak or valley strain value, if |ei  ei1|
P |ei1  ei2|, iP 3, then an effective closed loop is formed,
and the range of strain of the closed loop is
De ¼ jei1  ei2j ð1Þ
Step 2. Convert the nominal stress and strain to the local
stress and strain.
The range of nominal strain De corresponding to the range
of nominal stress DS can be obtained from
De
2
¼ DS
2E
þ DS
2K0
 1=n0
ð2Þ
where K0 is the cyclic strength coefﬁcient, and n0 the cyclic
strain hardening exponent, E the elasticity modulus.
In the plane stress condition, the range of local stress and
strain can be solved through
De ¼ Dr=2Eþ ðDr=2K0Þ1=n0
DeDr ¼ K2fDeDS
(
ð3Þ
where De is the local strain, Dr the local stress, and Kf the
fatigue notch factor. When the nominal stress belongs to the
848 H. Chen et al.elastic range, we have De= DS/E, then the second equation in
Eq. (3) is changed into
DeDr ¼ K2fDS2=E ð4Þ
Step 3. Calculate the fatigue life corresponding to local
strain.
The life corresponding to each strain level can be obtained
by referring to a De  2Nf curve or via the modiﬁed Manson–
Cofﬁn equation:
ea ¼ ðr0f  rmÞð2NfÞb=Eþ e0fð2NfÞc ð5Þ
where r0f is the fatigue strength coefﬁcient, e
0
f the fatigue ductil-
ity coefﬁcient, Nf the fatigue life in the form of cycle times, rm
the average of the local stress, ea the amplitude of the local
strain, and b and c are the material parameters.
Step 4. Accumulate the fatigue damage.
There are a lot of accumulative fatigue damage theories.
Among them, the Miner linear cumulative law is the most
widely used in engineering.
For the single full cycle:
D ¼ 1=Nf ð6Þ
where D is the damage caused in the cycle.
For the single half cycle:
D ¼ 1=2Nf ð7Þ
The accumulative damage of K cycles is
D ¼
XK
i¼1
1
Nfi
ð8Þ
The method of the ﬁnite element analysis can yield the local
stress and strain through an elastic–plastic ﬁnite element anal-
ysis software, such as ANSYS and Msc. Fatigue.
2.2. Prediction of fatigue parameters
For the fatigue analysis method of Neuber equation, some
parameters in Eqs. (1)–(5) have to be measured or inferred
through related tests. In particular, we must obtain plentiful
fatigue data to produce parameters in the Manson–Cofﬁn
equation. When the test data is difﬁcult to get, we can employ
the static tensile performance of a material, such as tensile
strength rb, elasticity modulus E, fracture ductility ef and frac-
ture strength rf, to estimate the fatigue performance approxi-
mately. The common estimating methods are the general
slope method and four-point correlation method.
(1) General slope method
b ¼ 0:12
c ¼ 0:6
8>><
r0f ¼ 1:75rb
e0f ¼ 0:5e0:6f
>>:
ð9Þ
(2) Four-point correlation method
b ¼ ½0:0792þ 0:179 lnðrf=rbÞ
c ¼ 0:52 0:25 ln ef þ 13 ln 1 81:8 rbE rfrb
 0:179 
r0f ¼ 1:12rb rf=rbð Þ0:893
e0f ¼ 0:413ef 1 81:8ðrb=EÞðrf=rbÞ0:179
h i1=3
8>>>><
>>>>:
ð10ÞBoth the general slope method and the four-point correla-
tion method are initialized from metal materials, especially
alloy steels.21,22 The four-point correlation method is more
precise for other metal materials than the general slope
method. In this paper, the general slope method is adopted
for the sake of simplicity, since its precision for most alloy
steels is satisfactory.
2.3. Impact analysis
So far, there have been a number of statistical shock models to
describe shock damage,23–26 for instance, the extreme model,
accumulative model, d model and run model. These models
have been applied in practical work. Of these, the extreme
model and accumulative model are the two most widely used.
Nevertheless, the variable of a statistical model does not have a
physical meaning. It cannot be applied to the calculation of
impact damage unless the speciﬁc connotation of the statistical
variable is deﬁned by analyzing the damage mechanism.
As mentioned in the introduction, there are two extreme
conditions for impact damage. According to the classiﬁcation
of statistical shock models, one belongs to the extreme model
while the other belongs to the accumulative model. Other con-
ditions can be regarded as their mixed models. The damage of
high-energy impact is also a mixed model. The corresponding
impact damages can be obtained from the energy of each
impact and the accumulative damages caused by history loads.
The critical matter is to determine the failure criterion.
The failure mode of impact is that the crack propagates to a
state of collapse, and eventually grows to the size of fracture.
From the perspective of strength-stress theory, impact failure
occurs due to the state that the strength of a product, which is
a ﬁxed value, is less than the instantaneous stress it bears. While
from the view of fracture mechanics, impact failure occurs when
the fracture toughness is lower than the stress intensity factor.
While tensile strength is a static property in the strength-stress
theory, fracture toughness is a dynamic property in the theory
of fracture mechanics. From this opinion, the criterion based
on fracture toughness is more suitable than that based on
strength. Therefore, fracture toughness is chosen as the impact
failure criterion variable in this paper, and the condition of no
impact failure when impact load appears is
KICðtÞ  K1 ð11Þ
where KIC(t) is the dynamic fracture toughness at time t, and
K1 the threshold of fracture toughness.
3. Coupling analysis between fatigue and impact
There are few qualitative analyses of coupling relationships
between fatigue and impact damage. Chen and Chen19 gave
a coupling relationship when HCF and low-energy impacts
were involved, but it is not applicable to low cycle fatigue
(LCF) and high-energy impacts. This section discusses the rela-
tionship between LCF and high-energy impact.
3.1. Theories of material performance under high-energy impact
(1) Strength increases with the increase of strain rate
Micro observation shows that when a material suffers a sta-
tic stress, the plastic deformation distributes uniformly, but
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high, the plastic deformation concentrates in a local zone,
which limits its development. Thus, the yield strength and ulti-
mate tensile strength is improved.27-30
(2) Fracture toughness decreases with the increase of strain
rate
Fracture toughness is the performance parameter to indi-
cate the material’s resistance to crack propagation. The stress
intensity factor KI increases as the stress or crack size
increases. When the stress or crack size reaches a critical value,
the crack goes to an instable state, and then the material will
fracture. Here, KI also reaches the critical threshold, which is
denoted as KIC. The higher is the value of KIC, the harder it
is for the material to fracture.26,31
(3) Overload retardation
Plenty of tests show that, once a relatively high amplitude
load (overload) appears in the load spectrum, the propagation
speed of a crack will decrease apparently.32,33 After a certain
cycles of loads, the propagation speed will recover to the level
before the overload.
3.2. Effect of high-energy impact on fatigue performance
High-energy impact means not only high strain rate (loading
rate) but also high amplitude stress. According to the theories
of material performance under high-energy impact, a high
stress will cause plastic deformation, while a high strain rate
will cause the increase of tensile strength, the decrease of frac-
ture toughness, and a retardation effect if the impact stress is
much higher than the fatigue stress.
Fracture ductility has the same variation tendency as fracture
toughness, while fracture strength varies in the opposite direc-
tion as it has the same variation tendency as tensile strength.
Therefore, the corresponding parameters of static perfor-
mance of a material vary with the variation of the strain rate.
As the strain rate increases, the tensile strength rb increases.
The fracture ductility ef increases, and the fracture strength
rf increases. As the interval length between two impacts is
long, the effect range of the impact is to be considered. That
is, the lasting time period of the effect of an impact load is
Ns, whose length is determined by the properties (stress ampli-
tude and strain rate) of the speciﬁc impact. When another
impact arrives, the effect of a high strain rate will be renewed
by the new impact. Based on the test results of various materi-
als, it can be assumed that the relationship between tensile
strength and strain rate follows a power law, which can be
written as Eq. (12). In addition, the relationship between frac-
ture toughness and strain rate can also be assumed to be a
power law. As fracture ductility has a similar variation ten-
dency with that of fracture toughness when the strain rate
changes, the relationship between fracture toughness and
strain rate is expressed as Eq. (13).
rbð_eÞ ¼ rb0 þ p_en ð12Þ
efð_eÞ ¼ ef0  q_em ð13Þ
where p, n, q and m are the material constants, rb0 is the
original static tensile strength, ef0 the original static fractureductility. The speciﬁc value of p and n can be derived from data
ﬁtting with material experiments between tensile strength and
strain rate by a least square estimation method.
Combining with the estimation method of fatigue parame-
ters in Section 2.2, we can get the estimation equations for the
fatigue parameters with the effect of a high-energy impact
load. If the general slope method is applied, the modiﬁed
parameters are
b ¼ 0:12
c ¼ 0:6
r0fð_eÞ ¼ 1:75rbð_eÞ ¼ 1:75ðrb0 þ p_enÞ
e0fð_eÞ ¼ 0:5e0:6f ð_eÞ ¼ 0:5ðef0  q_emÞ0:6
8>><
>>:
ð14Þ
Then the Manson–Cofﬁn equation is changed into
ea ¼ ½1:75ðrb0 þ p_enÞ  rmð2NfÞb=E
þ 0:5ðef0  q_emÞ0:6ð2NfÞc ð15Þ
The numerical solution of impact-effect fatigue life N0f can
be obtained from Eq. (15) by an iteration method such as
Newton’s method.
3.3. Effect of accumulative fatigue damage on impact
performance
When an impact load is applied to a product which has already
suffered fatigue loads, the probability of impact fracture will
increase rapidly. This is because its accumulative fatigue dam-
age affects its resistance performance to fracture with impact.
As the fracture toughness is adopted to represent the criterion
of impact failure, we consider the fracture toughness to be the
effect factor of fatigue damage on impact performance. The
fracture toughness degrades with the accumulation of fatigue
damage, and their relationship is modeled as
DKIC ¼ DKICðtjDÞ ¼ DKICðDðtÞÞ ð16Þ
where DKIC is the differential value of fracture toughness
caused by fatigue damage, and D(t) the accumulative damage
at time t. The analysis of fatigue damage based on toughness
dissipation theory deﬁnes the fatigue damage as
D ¼ 1UN=U0 ð17Þ
where UN and U0 are the residual and initial toughness, respec-
tively. Then the relationship between KIC and D(t) is
DðtÞ ¼ 1 KICðtÞ
KIC
¼ DKICðtÞ
KIC
ð18Þ
And the transformation is
DKICðtÞ ¼ DðtÞKIC ð19Þ
Furthermore, fracture toughness itself will decrease under
the effect of high strain rate. The empirical estimation equation
of fracture toughness is34
KIC ¼ 0:32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pErfefqc
p
ð20Þ
where qc is the critical passive radius of the crack tip. As for
the high-strength lath marten-site steel, its value equals the
value of strain hardening exponent. The transformation of
fracture toughness is
DKICðtÞ ¼ 0:32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pErfefqc
p
DðtÞ ð21Þ
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damage is
KICðtÞ ¼ KIC  DKICðtÞ
¼ 0:32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pErf0ef0qc
p
 0:32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pErf0ef0qc
p
DðtÞ ð22Þ
As fracture strength has a similar relationship with tensile
strength, we can get
rfð_eÞ ¼ rf0 þ p_en ð23Þ
When considering the variation of rf and ef, KIC becomes
KICð_eÞ ¼ 0:32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pEðrf0 þ p_enÞðef0  q_emÞqc
p
ð24Þ
Therefore, the fracture toughness which is affected by fati-
gue damage at time t can be written as
KICð_e;tÞ¼KICð_eÞDKICðtÞ¼ 0:32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pEðrf0þp_enÞðef0q_emÞqc
p
0:32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pErf0ef0qc
p
DðtÞ ð25Þ4. Damage and life model based on coupling relationship
The following system is considered: a product suffers both var-
iable amplitude fatigue loads and high-strength impact loads.
The fatigue load spectrum consists of loads with m different
levels. Meanwhile, the corresponding cycles of stress of the
ith level Si is Ni, and the total cycles of a cyclic unit is L.
The impact loads arrives at random, and it follows the Poisson
process whose parameter is k, which means the arrival times of
impact load in each cycle (t= 1) is k.
4.1. Fatigue damage
The fatigue spectrum is analyzed to get the nominal stress and
strain spectrum. The nominal stresses and strains are (S1, e1),
(S2, e2), . . ., (Sm, em), respectively. Then they are converted into
local stress and strain (r1, e1), (r2, e2), . . ., (rm, em) by utilizing
Eq. (3) or the plastic–elastic ﬁnite element method. Their cor-
responding fatigue life and damage can be obtained with or
without the effect of impact.
(1) Without the effect of impact
If the product does not suffer an impact load, or if the fati-
gue loads have been out of the range of the effect of impact,
the fatigue life Nf1, Nf2, . . ., Nfm is obtained by Eq. (5).
(2) With the effect of impact
If the product has suffered an impact load, and the effect
remains in its effective range, the tensile strength and fracture
ductility should be modiﬁed by Eqs. (12) and (13), respectively.
Then the fatigue parameter is modiﬁed by Eq. (9) or Eq. (10),
and fatigue life N0f1ð_eÞ;N0f2ð_eÞ;    ;N0fmð_eÞ should be calculated
by a modiﬁed Manson–Cofﬁn Eq. (15). The lasting time of
one impact effect can be assumed as Ns.
(A) If the impact effect ends at each new stress level of fati-
gue cycles, the fatigue damage can be obtained from
Eqs. (26)–(32). This represents the situation when the
fatigue loads are not continuous.The arrival times of impacts during the ith level of a fatigue
cyclic unit is ni. According to the feature of Poisson process,
the probability of event ni ¼ n is
Pðni ¼ nÞ ¼ ekNi ðkNiÞ
n
n!
ð26Þ
Assume that the energy of each impact is similar, and then
for the purpose of simpliﬁcation, we can use the average value
of impact. Suppose the lasting cycle of effect for one impact is
Ns, then the lasting cycles of effect for n times of impact is nNs,
and the cycles without the effect of impact is Ni  nNs, where
Ni  nNsP 0 and nNs 6 Ni (or else Ni  nNs = 0, nNs = Ni).
If the Miner law is applied, the accumulative damage with the
effect of n times of impact is
Di ¼ Ni  nNs
Nfi
þ nNs
N0fi
ð27Þ
Combining with Eq. (26), we can get
Di ¼
X1
n¼0
ekNi
ðkNiÞn
n!
Ni  nNs
Nfi
þ nNs
N0fi
 
ð28Þ
Add the damage caused on a cyclic unit together, and then
the unit damage DU is obtained
DU ¼
Xm
i¼1
Di ð29Þ
If the fatigue damage in a unit is approximated to be a lin-
ear distribution, the total damage at time t (cycles) is
DðtÞ ¼ t
L
DU ð30Þ
Otherwise, determine the last level l of the last cyclic unit. Sl
denotes its stress and nl denotes the residual cycles in level l of
the last incomplete cyclic unit at time t. Therefore, nl equals the
total cycles minus the cycles of the integral number of units by
time t, and then minus the cycles of total integral level in the
last incomplete unit, as expressed in:
nl ¼ t ½t=LL
Xl1
i¼1
Ni ð31Þ
The maximum l which satisﬁes t ½t=LLPl1i¼1Ni  0 is
the solution, where [ Æ ] denotes the rounding function, [t/L]
denotes the integral number of units by time t, [t/L]L means
the cycles of the integral number of units by time t, andPl1
i¼1Ni means the cycles of total integral level in the last
incomplete unit. Then, the total fatigue damage at time t is
DðtÞ ¼ t
L
h i
DU þ
Xl1
i¼1
Di þ
X1
n¼0
eknl
ðknlÞn
n!
nl  nNs
Nfl
þ nNs
N0fl
 
ð32Þ
where t
L
	 

DU means the damage caused by the integral number
of units by time t,
Pl1
i¼1Di means the damage caused by the
total integral level in the last incomplete unit, andP1
n¼0e
knl ðknlÞn
n!
nlnNs
Nfl
þ nNs
N0
fl
 
means the damage caused by the
residual cycles in residual level l of the last incomplete cyclic
unit at time t.
(B) If the impact effect keeps to a new stress level of the fati-
gue cycles, the fatigue damage can be obtained from
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gue loads are continuous.
The probability that impact does not affect the fatigue
properties at any time is ekNs , and the accumulative damage
of the ith level of a fatigue cyclic unit is
Di ¼ ekNs Ni
Nfi
þ 1 ekNs  Ni
N0fi
ð33Þ
The accumulative damage of a cyclic unit DU is the same as
Eq. (29) and nl can be obtained from Eq. (31).
DðtÞ ¼ t
L
h i
DU þ
Xl1
i¼1
Di þ ekNs nl
Nfi
þ 1 ekNs  nl
N0fi
ð34Þ4.2. Impact damage
According to the impact failure criterion, when KIC(t) 6 K1,
failure occurs. The stress intensity factor is
K1 ¼ r ﬃﬃﬃﬃﬃﬃﬃpacp ð35Þ
where r is the stress, and ac is the critical length of crack when
fracture happens.
Rh(t) denotes the probability of no impact failure, and the
expression can be derived as follows:
(1) When the impact effect ends at each new stress level of
fatigue cycles, thenRhðtþ DtÞ ¼ PfKICðsÞ  K1; 8s 2 ½0; tgPfKICðsÞ  K1; 8s 2 ½t; tþ Dtg
¼ RhðtÞf1 PfKICðsÞ  K1; 9s0 2 ½t; tþ Dtgg
¼ RhðtÞ  RhðtÞfPfKICðsÞ  K1; 9s0 2 ½t; tþ Dt effect of impact appearsj gPfeffect of impact appearsgg
RhðtÞfPfKICðsÞ  K1; 9s0 2 ½t; tþ Dt effect of impact doens’t appearj g  Pfeffect of impact doens’t appeargg
¼ RhðtÞ  RhðtÞf½ð1 ekfNs ;nlgÞDtþ ekfNs ;nlgkDtPfKICð_e; sÞ  K1; 9s0 2 ½t; tþ Dtgg
RhðtÞfekfNs ;nlgð1 kÞDtPfKICðsÞ  K1; 9s0 2 ½t; tþ Dtg þ oðDtÞg
ð36Þwhere 1 ekfN s ;nlg represents the probability that the impact
appears in the interval [t, t  Ns], nl denotes the residual cycles
in the last level l of time t and kDt means the probability that
the impact appears in the interval [t, t+ Dt]. When Dtﬁ 0, we
have
dRhðtÞ
dt
¼ ð1 ekfNs ;nlg þ ekfNs ;nlgkÞPfKICð_e; s0Þ  K1g
ekfNs ;nlgð1 kÞPfKICðs0Þ  K1g
ð37Þ
The integral of the above equation is
RhðtÞ¼ exp½ð1 ekminfNs ;nlg þ ekminfNs ;nlgkÞ

Z t
0
PfKICð_e;s0ÞK1gds
 ekminfNs ;nlgð1kÞ
Z t
0
PfKICðs0ÞK1gds ð38Þ
where
PfKICð_e; s0Þ  K1g
¼ PfKICð_eÞ  DKICðDðtÞÞ  K1g
¼ Pf0:32 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpErfðef0  q_emÞqcp  KICDðtÞ  K1gPfKICðs0Þ  K1g
¼ PfKIC  DKICðDðtÞÞ  K1g
¼ PfKIC  KICDðtÞ  K1g
(2) When the impact effect keeps to a new stress level of fati-
gue cycles, then
RhðtþDtÞ¼PfKICðsÞK1;8s2 ½0;tg PfKICðsÞK1;
8s2 ½t; tþDtg¼RhðtÞf1½ð1 ekNsÞDtþ ekNskDt
PfKICð_e;sÞK1;9s0 2 ½t;tþDtggRhðtÞ
½ekNsð1kÞDtPfKICðsÞK1;9s0 2 ½t; tþDtgþoðDtÞ ð39Þ
where 1 ekNs represents the probability that the impact
appears in interval [t, t  Ns]. Then
RhðtÞ ¼ exp½ð1 ekNs þ ekNskÞ
Z t
0
PfKICð_e; s0Þ
 K1gds ekNsð1 kÞ
Z t
0
PfKICðs0Þ  K1gds ð40Þ4.3. Reliable life
The overall reliable life R(t) can be achieved when both the
fatigue failure and impact failure do not occur before time t:
RðtÞ ¼ RfðtÞRhðtÞ ð41Þwhere Rf(t) = P{D(t) 6 Df} is the probability of no fatigue
failure before time t, and Df is the failure threshold which is
usually determined by engineering demands. Rh(t) is the prob-
ability of no impact failure before time t which is obtained by
Eq. (38) or Eq. (40).5. Case study
An actuator bears fatigue loads during normal operation. It
also suffers impact loads at random. In order to estimate
the life of the actuator when it operates in a severe environ-
ment, the fatigue loads and high-energy impact loads are
analyzed and obtained with its history records. The connec-
tion component is the dangerous part of the actuator which
suffers the largest stress, and this stress belongs to LCF.
Hence, the above proposed method is applied to analyze
the damage of the connection component. The impact loads
follow the Poisson process with k ¼ 5 104=ðfatiguecycleÞ
whose average strain rate is 104/s, and the average stress
amplitude is 1000 MPa. The fatigue load spectrum is listed
in Table 1.
Table 1 Load spectrum of actuator cylinder.
Level Load (MPa) Cycle
1 35 1000
2 50 200
3 65 50
4 50 200
5 35 1000
Fig. 1 ANSYS result of stress distribution of Level 3.
852 H. Chen et al.The material of the connection component is 30CrMnSiA.
The material properties are as follows: the elastic modulus is
196 GPa, Poisson rate is 0.3, yield strength is 835 MPa,
rb = 1080 MPa, ef = 0.7727, rf = 1795 MPa, strain harden-
ing exponent n= 0.063, and cyclic strain hardening exponent
n0 = 0.127, Ns = 1000 cycles.
The elastic–plastic ﬁnite element method is used to analyze
the local stresses and strains of the connection component.
Among them, the ANSYS result of stress distribution of the
largest load, i.e., Level 3, is shown in Fig. 1. All of the average
stresses and strain amplitudes are revealed in Table 2. The gen-
eral slope method is utilized to estimate the fatigue parameter,
and the fatigue life of every level can be obtained from Eq. (5).
The modiﬁed tensile strength, fracture ductility and fracture
strength are obtained from Eqs. (12), (13), and (23), respec-
tively. The values of parameters are: _e ¼ 104, p= 7.6,
n= 0.038, q= 0.26, and m= 0.045. The results are rbð_eÞ ¼
1090:785 MPa, efð_eÞ ¼ 0:5305, and rfð_eÞ ¼ 1805:8 MPa.
Eq. (15) is utilized to calculate the fatigue life with the effect
of impact, and the results are listed in Table 3.
Then Eq. (28) is used to get the expected modiﬁed fatigue
damage with the effect of impact, and the results are shown
in the last column of Table 3.
As one fatigue cyclic unit suffers 2.45 times of impact for
expectation, every unit suffers more than one impact at the
average level. Hence, we consider the expected degradation
of fracture toughness of one cyclic unit to simplify this issue.
The initial value of fracture toughness is
KIC ¼ 0:32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pErf0ef0qc
p ¼ 105:4 MPa/m1/2.
The fracture toughness affected by a high strain rate is
KICð_eÞ ¼ 87:6 MPa/m1/2.
Therefore,
KICðtÞ ¼ 105:4 105:4DðtÞ
KICð_e; tÞ ¼ 87:6 105:4DðtÞ

ð42Þ
The expected fracture toughness at the end of each fatigue
unit when the impact affects at that point is
KICð_e; nLÞ ¼ 87:6 105:4 0:1107n ð43Þ
The expected fracture toughness at the end of each fatigue
unit when the impact does not affect at that point is
KICðnLÞ ¼ 105:4 105:4 0:1107n ð44Þ
The stress intensity factor of the impact stress is
K1 ¼ r ﬃﬃﬃﬃﬃﬃﬃpacp ¼ 56 MPa/m1/2, and ac = 1 mm.RhðtÞ ¼ exp ð1 ekminfNs ;nlg þ ekminfNs ;nlgkÞ
Z t
0
PfKICð_e; s0Þ  K1gds ekminfNs ;nlgð1 kÞ
Z t
0
PfKICðs0Þ  K1gds
 
¼ exp ð1Qþ 0:0005QÞ 
Z t
0
1 Uf87:6 105:4ðPþ
Xl1
i¼1
Di þ
X1
n¼0
e0:0005nl
ð0:0005nlÞn
n!
nl  1000n
Nfl
þ 1000n
N0fl
 
Þ  56gds
" #
 exp 0:9995Q
Z t
0
1 Uf105:4 105:4ðPþ
Xl1
i¼1
Di þ
X1
n¼0
e0:0005nl
ð0:0005nlÞn
n!
nl  1000n
Nfl
þ 1000n
N0fl
 
Þ  56gds
" #
ð46ÞThe value of KIC at the end of each fatigue unit is shown in
Table 4.Therefore, the impact damage is expected to occur during
the 3rd unit and the 5th unit.
Furthermore, if the impact effect ends at each new stress
level of fatigue cycles, D(t) can be obtained from Eqs. (26)–
(32). When Df  N (1, 0.01), the reliability of no fatigue failure
is
RfðtÞ¼PfDðtÞDfg
¼P 0:1107 t
2450
h i
þ
Xl1
i¼1
Diþ
X1
n¼0
eknl
ðknlÞn
n!
nlnNs
Nfl
þnNs
N0fl
 
Df
( )
¼ 1Uf100:1107 t
2450
h i
þ10
Xl1
i¼1
Diþ10

X1
n¼0
e0:0005nl
ð0:0005nlÞn
n!
nl1000n
Nfl
þ1000n
N0fl
 
10
)
ð45Þ
When K1 obeys N(56, 1), the probability of no impact failure iswhere Q ¼ e0:0005minfNs ;nlg;P ¼ 0:1107 s
2450
	 

.
Table 2 Local stress, strain and life without impact.
Level Average stress rm (MPa) Cycle Strain amplitude ea Fatigue life (cycle) Damage
1 425.3 1000 0.002238 57722 0.017324
2 443.2 200 0.003616 7853 0.025468
3 476.5 50 0.005334 2305 0.021692
4 443.2 200 0.003616 7853 0.025468
5 425.3 1000 0.002238 57722 0.017324
Table 3 Fatigue life with the effect of impact.
Level Cycle Fatigue life (cycle) Expected damage
1 1000 50587 0.0183
2 200 6158 0.0261
3 50 1718 0.0219
4 200 6158 0.0261
5 1000 50587 0.0183
Table 4 KIC at the end of fatigue units.
Unit KIC
With impact Without impact
1 75.9 93.7
2 64.3 82.1
3 52.6 70.4
4 40.9 58.7
5 29.3 47.1
Fig. 3 Overall reliability when impact effect keeps to a new
stress level.
Coupling damage and reliability model of low-cycle fatigue and high energy impact based on the local stress–strain approach 853The curve of impact reliability is shown in Fig. 2. As the
fatigue damage is much lower than its critical threshold and
the fatigue reliability is 1 when the impact reliability tends to
be 0 (within 8000 cycles), its damage can be ignored. The over-
all reliability is similar to what is shown in Fig. 2.
If the impact effect keeps to a new stress level of fatigue
cycles, DðtÞ should be obtained from Eqs. (33) and (34). The
overall reliability is plotted in Fig. 3. Comparing Figs. 2 and 3,
we can ﬁnd out that the assumption of a continuous impact
effect is more reasonable in this case. The connection compo-
nent fails at the third unit between 6000th and 6060th cycles.Fig. 2 Reliability when impact effect ends at each new stress
level.This simulation result is nearly identical with the experimental
result from an accelerated life test.
If the coupling relationship between fatigue and impact is
ignored, we always have KICðtÞ  K1. Therefore, in this condi-
tion the impact damage can be ignored. The overall reliability
when the coupling relationship is not considered is compared
with the fatigue reliability alone when the fatigue is coupled
with the impact damage in Fig. 4, which indicates the fatigue
reliability considering the coupling relationship is a little less
than the fatigue reliability (also the overall reliability) without
impact. When R ¼ 0:7, the overall life without considering the
coupling relationship is about 20,000 cycles. But from Fig. 3,
the overall life considering the coupling relationship is about
6000 cycles. Hence, the comparison with Figs. 3 and 4 shows
that if the coupling relationship is ignored, the estimationFig. 4 Fatigue reliability coupled with impact and overall
reliability without impact.
854 H. Chen et al.result is much more risky, and the risk is more than 3 times as
large.
6. Conclusions
Fatigue damage is a severe threat to the life of mechanical
products. Moreover, the probability of failure may increase
signiﬁcantly by the effects of impact loads. It is very compli-
cated to model an effective fatigue and impact system in
consideration of their mutual dependence and coupling rela-
tionship. This paper attempts to analyze damage and life with
a low-cycle fatigue and high-energy impact process.
The analysis of fatigue damage is based on the local stress–
strain approach as the plastic deformation is caused by the
high amplitude stress of LCF. Two methods to estimate the
fatigue parameter in Manson–Cofﬁn equation are presented
via the material’s static performance parameters. The effect
of high-energy impact on the fatigue process is performed on
the static performance parameters, among which the tensile
strength, fracture ductility and fracture strength are deter-
mined to be the coupling factors. The modiﬁed parameters
and Manson–Cofﬁn equation are developed.
In addition, the effect of fatigue accumulative damage on
the impact process is analyzed. The criterion of impact fatigue
is determined by the relationship between fracture toughness
and stress intensity factor. The fracture toughness is the depen-
dent variable affected by fatigue damage.
According to the result of a case study, impact loads have a
signiﬁcant effect on the fatigue damage and the reliable life of a
product. The fatigue damage also has a great effect on the
impact resistance performance. If the impact process and the
dependence relationship with the fatigue process are ignored,
there will be a higher risk to estimate its reliable life incor-
rectly. Based on the estimation result, appropriate mainte-
nance can be performed.
There are still several questions to answer in future:
(1) How to determine the parameters in the coupling equa-
tion if the test is not available?
(2) What is qc for other materials?
(3) How can we utilize the estimated results for maintenance
policy?
Acknowledgements
The authors are grateful to Prof. Kang R. for discussions.
They would also like to thank the anonymous reviewers for
their critical and constructive review of the manuscript. This
study was supported by the National Natural Science Founda-
tion of China (No. 61104132).
References
1. Miao Q, Tang C, Liang W, Pecht M. Health assessment of cooling
fan bearings using Wavelet-based ﬁltering. Sensors 2013;13(1):
274–91.
2. Ogi K, Ito K. A probabilistic approach for thermal shock fatigue
life of glass. Fatigue Fract Eng Mater Struct 2011;34(9):643–53.
3. Li Z, Ge S, Lu GZ, Chen L, Ding HL. Residual strength of
stiffened LY12CZ aluminum alloy panels with widespread fatigue
damage. Chin J Aeronaut 2008;21(1):48–52.4. Wang RQ, Jing FL, Hu DY. In-phase thermal-mechanical fatigue
investigation on hollow single crystal turbine blades. Chin J
Aeronaut 2013;26(6):1409–14.
5. Moverare JJ, Johansson S, Reed RC. Deformation and damage
mechanisms during thermal–mechanical fatigue of a single-crystal
superalloy. Acta Mater 2009;57(7):2266–76.
6. Tan XM, Chen YL, Jin P. Corrosion fatigue life prediction of
aircraft structure based on fuzzy reliability approach. Chin J
Aeronaut 2005;18(4):346–51.
7. Zhou Y, Al-Bassyiouni M, Dasgupta A. Harmonic and random
vibration durability of SAC305 and Sn37Pb solder alloys. IEEE
Trans Compon Packag Technol 2010;33(2):319–28.
8. Vodzak J, Barker D, Dasgupta A, Pecht M. Combined vibrational
and thermal solder joint fatigue – a generalized strain versus life
approach. J Electron Packaging 1990;112(2):129–34.
9. Ding YQ, Yan Y, McIlhagger R. Effect of impact and fatigue
loads on the strength of plain weave carbon-expoxy composites. J
Mater Process Tcchnol 1995;55(2):58–62.
10. Cheng XQ, Zhang ZL, Yi XS, Wu XR. Effect of sacma and qmw
test methods on compressive properties of composite laminates
after low velocity impact. Chin J Aeronaut 2002;15(2):90–7.
11. Beheshty MH, Harris B, Adam T. An empirical fatigue-life model
for high-performance ﬁbre composites with and without impact
damage. Composites Part A 1999;30(8):971–87.
12. Tai NH, Yip MC, Lin JL. Effect of low-energy impact on the
fatigue behavior of carbon/epoxy composites. Compos Sci Technol
1998;58(1):1–8.
13. Martinez CM, Eylon D, Nicholas T, Thompson SR, Ruschau JJ,
Birkbeck J, et al. Effects of ballistic impact damage on fatigue
crack initiation in Ti–6Al–4V simulated engine blades. Mater Sci
Eng A 2002;325(1–2):465–77.
14. Thompson SR, Rushau JJ, Nicholas T. Inﬂuence of residual
stresses on high cycle fatigue strength of Ti–6Al–4V subjected to
foreign object damage. Int J Fatigue 2001;23(S1):405–12.
15. Nowell D, Duo P, Stewart IF. Prediction of fatigue performance
in gas turbine blades after FOD. Int J Fatigue 2003;25(9–11):
963–9.
16. Guan YP, Zhao ZH, Chen W, Gao DP. Foreign object damage to
fan rotor blades of aeroengine part I: experimental study of bird
impact. Chin J Aeronaut 2007;20(5):408–14.
17. Liu YP, He TH, Huang XQ, Tang LQ. Coupling analysis on
impact damage and fatigue damage based on dissipated energy
theories. Acta Armamentarii 2010;31(S1):223–6 [Chinese].
18. Zhao YX, Gao Q, Cai LX, Gu FY. Single impact effects on the
low cycle fatigue life of a stainless steel pipe- welded joint. Mater
Eng 1999;11(30):14–8 [Chinese].
19. Chen HX, Chen YX. An approach for prediction of fatigue life
based on fatigue and low-energy shocks. In: Proceedings of 2013
international conference on quality, reliability, risk, maintenance,
and safety engineering (QR2MSE), New York, IEEE; 2013
[Chinese].
20. Baldwin JD, Thacker JG. A strain-based fatigue reliability
analysis method. J Mech Des 1995;117(2):229–34.
21. Manson SS. Fatigue: a complex subject- some simple approxima-
tion. Exp Mech 1965;5(4):193–226.
22. Zhang Z, Li J, Zhang ZP. Estimation methods for fatigue
parameters of aluminum alloys in aviation industry. Fail Prev
Anal 2011;6(1):28–31 [Chinese].
23. Mallor F, Santos J. Classiﬁcation of shock models in system
reliability. MonografI´as Del Semin Matem GarcI´a De Galdeano
2003; 27: 405–12.
24. Bai JM, Li ZH, Kong XB. Generalized shock models based on a
cluster point process. IEEE Trans Rel 2006;55(3):542–50.
25. Ye Z, Tang LC, Xu HY. A distribution-based systems re-liability
model under extreme shocks and natural degradation. IEEE Trans
Rel 2011;60(1):246–56.
26. Serkan E. Generalized d-shock model via runs. Stat Probab Lett
2012;82(2):326–31.
Coupling damage and reliability model of low-cycle fatigue and high energy impact based on the local stress–strain approach 85527. Wang CZ, Liu HT. Material performance. Beijing: Beijing Indus-
try University Publishing Inc.; 2001. p. 43–65. [Chinese].
28. Lu JZ, Zhong JS, Luo KY, Zhang L, Qi H, Luo M, et al. Strain
rate correspondence of fracture surface features and tensile
properties in AISI304 stainless steel under different LSP impact
time. Surf Coat Technol 2013;221:88–93.
29. Nemat-Nasser S, Deng H. Strain rate effect on brittle failure in
compression. Acta Metall Mater 1994;42(3):1013–24.
30. Lankford J. Temperature-strain rate dependence of compressive
strength and damage mechanisms in aluminium oxide. J Mater Sci
1981;16(6):1567–78.
31. Zhang SJ, Ren ZH, Mei GH, Lu YL. Effect of temperature and
strain rate upon fracture toughness at high temperature. J
Northeastern Univ 2003;24(4):349–51 [Chinese].
32. Shin CS, Fleck NA. Overload retardation in a structural steel.
Fatigue Fract Eng Mater Struct 1987;9(5):379–93.
33. Borrego LP, Ferreira JM, Pinho da Cruz JM, Costa JM.
Evaluation of overload effects on fatigue crack growth and
closure. Eng Fract Mech 2003;70(11):1379–97.
34. Zheng XL. Notch strength and fracture toughness.Mech Strength
1987;13(2):39–43 [Chinese].Chen Hongxia received her B.S. degree in information and computing
science from Minzu University of China in 2011. Now she is a post-
graduate student of the School of Reliability and Systems Engineering,
Beihang University (BUAA). Her primary courses include systems
reliability design, health management, and reliability analysis tech-
nology. Her research focuses on reliability and life modeling and
reliability experiment technology.
Chen Yunxia is a professor of the School of Reliability and Systems
Engineering, Beihang University. Her main research focuses are reli-
ability design and experiment technology based on physics of failure.
She has developed two courses and published two books and more than
50 papers. She will research the reliability modeling techniques of
complex systems and high reliability and long life products in the future.
Yang Zhou received theB.S. degree fromBeihangUniversity in 2008.He
is currently a Ph.D. candidate of the School of Reliability and Systems
Engineering, Beihang University. He has completed more than ﬁve
engineering projects on reliability. His primary research involves system
reliability, accelerated testing, and reliability predicting modeling.
